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Abstract. A compensated algorithm is presented to evaluate finite Laguerre series. We
record round-off error in Clenshaw algorithm by using error-free transformations (EFTS).
In this work, we establish a valid error estimate that is as accurate as the Clenshaw scheme
using twice the working precision. Numerical experiments illustrate that our compensated
algorithm is more accurate than the Clenshaw algorithm and faster than the DDClenshaw
algorithm (Clenshaw in double-double arithmetic).

1. Introduction

The Generalized Laguerre polynomial is widely used in numerical analysis [1, 2, 3] and
Quantum [4]. It is defined with three-term recurrence relation as follow.

L6 =1,

LX) =1l+a-x,

—X+2k+1+a k+a

———L70-
k+1 k+1

The Laguerre polynomials are orthogonal polynomials with respect to an inner product

<f,g>= Lﬂof(x)g(x)e’xdx. The polynomial represented in Laguerre basis is p(x) :Z, a. L' (x)

=0 1]

L) = L (x).

where coefficients a; are floating-point numbers.

Clenshaw Algorithm [5] is a recursive method to calculate a linear combination of Chebyshev
polynomials. It can be generalized to any class of function which can be defined by a three-term
recurrence relation. The relative error bound proved in literatures [6, 7] is

| P(X) = (X
| p(x)|

<cond(p, x)xo(u), 1)
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where p(x) is the result of Clenshaw algorithm in floating-point arithmetic. When the problem is
ill-conditioned, numerous compensated algorithms [8, 9, 10] based on error-free transformations
[11] are proposed to evaluate different polynomials.

We propose a compensated algorithm to evaluate Laguerre series based on error-free
transformation. The algorithm can obtain a more accurate result by compensating the round-off
errors to the original result. We demonstrate that the forward relative error bound satisfies

| p(X)— P(X) |
p(x)

This paper is organized as follows. We introduce basic preliminaries and notations in Section 2,
including error-free transformations and Clenshaw algorithm. In Section 3, we present the
compensated Clenshaw algorithm and analyze the forward error of Clenshaw and Compensated
Clenshaw algorithm. In Section 4, we show the experimental results to indicate our algorithm is
efficient and accurate.

<o(u) +cond(p, x)xo(u?). )

2. Preliminaries and Notations
2.1. Basic Definitions and Notation

Throughout the paper we assume a floating-point arithmetic adhering to IEEE 754 floating-point
standard [12] and no overflow nor underflow occurs. We also assume that fl(-) is the result of a

floating-point computation. Here, the computations are produced in a floating-point arithmetic
which obeys the models.

0
fl(x opy) = (x opy>(1+p)=(xl—py), phlalsu, @
+a

where op ef{+ %/} and u is the working precision. Besides, we note
=nu/(1-nu) =nu+O(U?) and we use @ to represent the computed element of a in floating-
F[omt arlthmetlc Flnally an elementar classwal result of error analysis states that if |5;| < u then

2.2. Error-free Transformations

In this subsection we review well-known results called error-free transformations (EFTs) . Given
a,b €F x = fl(aopb) €F, then exist v such thataopb=x+v,

We ‘show algorlthms 1-3 about addition and product of two floating-point numbers proposed
respectively by Knuth [13] and Dekker [14], respectively.

Algorithm 1 Sum of two floating-point numbers [14]

function [x,y| = Twosum(a, b)
x = fl(a+ b)

z= fl(z —a)
y=fl((a—(z—2)) +(b—2))

Algorithm 2 Error-free spiting of a floation number into two parts [13]

function [z,y] = split(a)

¢ = fl(factor -a) (factor =2°+1)
= fllc—(c—a))

y = flla—x)
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Algorithm 3 Product of two floating-point numbers [13]

function [z, y] = TwoProd(a, b)

x = fl(a-b)

[a1, az2] = Split(a)

[b1, b2] = Split(b)

Y= ff(ag - bg) - (((I —aj - b]) —as - b]) —a - b?)

Algorithm 4 Product of three floating-point numbers [15]

function [z, y] = ThreeProd(a, b, c)
[t, h] = TwoProd(a,b)
[z, €] = TwoProd(t, ¢)
y=fllc-h+e)
A compensated algorithm [15] for product of three floating-point numbers in Algorithm 4 is also
presented. There are three properties of ThreeProd which will be used in error analysis:
1. |e|<u|abc|+u|hc|<u|abc|+u®|abc|;
2. |ch+el<|ch|+|el<2u|abc|+u?|abc;
3. If x+y=abc—r7 in ThreeProd algorithm, then
|7|< 7,7 |abc|, |y|<2u|abc|+14u”|abc]. 4)

2.3. Clenshaw Algorithm and Condition Number

The Clenshaw algorithm [5] of generalized Laguerre polynomial shows in Algorithm 5.

Algorithm 5 The Clenshaw algorithm of Lagurre polynomial [5]

function p(z) = Clenshaw(p, x)
bjt2 =bj+1 =0
for j =n: —1 0 do

_ 2jtatl Jtlta
bj = — sy @bir + L bip — T5 b +
end for

Reviewing [16], their works put forward a general condition number for polynomial basis
defined by linear recurrence. Before giving the condition number of Laguerre polynomial, we show

an absolute polynomial.

Definition 1. Let L (x) be a Laguerre polynomial. The absolute polynomial [{“)(x) can be

defined as follow.

I:(k“)(x) x+2¢< +1a +1 (a)( X)+

where I’ = LE¥ =1+ a+x and L2 @|=I¥w, for all x > 0
Motivated by [10, 11, 15], we show the condition number of Laguerre polynomial series.
Definition 2. Let p(x) = T, a: Ly (x), the relative condition number is

(@)
5(x) _Z,Ia ()
| P | P(X)]

where 1= is Laguerre polynomial, i*'¢x) is absolute polynomial.

L‘k“)z( X), (5)

cond(p, x) = (6)
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3. Compensated Algorithm and Error Analysis
3.1. Clenshaw Algorithm and Condition Number

In this section, we analyze the round-off error of Clenshaw algorithm and present a compensated
Clenshaw algorithm to compute finite Laguerre series accurately. Furthermore, we exhibit its error
bound.

Previously, we divide all real coefficients into three parts as following form in order to analyze
errors.

A= A"+ AD L AM ©)
Where AV, AY e F,A™ e R, A™ <uA® AL <uA®.

Actually, in floating-point arithmetic, round-off error is almost produced in each addition,
subtraction or multiplication in Clenshaw algorithm. We choose the recurrence relation at ith step of
Clenshaw Algorithm for analysis we have

b, = (A" ®@x®BM)®b,,®CM b, , Da,. ®)
As for theoretical computation related with (8), we deduce that
b, = (Ajx+B,)b;, +C, b, +a

=[(A" + AP + AMyx+ (BN + B<'> +B™M)b,,, +(C 2t ©)
In Algorithm 4 we use EFTs and ThreeProd to eliminate every error and obtain that
[s,,a;]1= ThreeProd(A"”, x le) [t;, 3,1= TwoProd(B{", J+1)

[u;,&;]1= TwoProd(C!) b1+2) [v;,7,1= TwoSum(s;,t;), (10)

j+1
[w;,8,]=TwoSum(v,,u;), [Bj,g“j] = TwoSum(w;,a;).

Contrast with (9), the round-off error of method (8) is
e, = (A" + A™)xb, . + (B +B™M)b, , +(CY +CM)b,

j+l j+L
Algorithm 6 Compensate Clenshaw Algorithm

M cO) L cMyp

j+l j+1 j+l j+l

+7,+0q; +ﬂj +§j +7 +¢9j +4..

j+1 j+2 j (11)

function CompClenshawu(p, x)
Initialization the starting bn+2 = bn+1 =0,ebp12 = €bp1 =0
for j=n:—-1:0do
AN A = div d d(—1,n + 1
J 3
BM BW] = divdd2n+a+1,n+1
(B, 3
CM oD = divddl—n—-1—a,n+1
(€. C;
s.i,c;] = ThreeProd A(h).:[:,ln) 1
[s5, 5] 3 0+
[t;, 8] = TwoProd(B™ b, 1)
u;, €] = TwoProd ™ b
i1 8d g+1: D+
[v;,m;] = TwoSum(s;,t;)
[w;, 8;] = TwoSum(v;,u;)
[bj, (5] = TwoSum(wj, a;)
Si=a; @B 0 D Bo; @CJ (4(” ®T®bjt1 @B ® bjs1 @ C) 41 ® bjs2)

(b = 4“’) ®x® ebjir o ct +1 ® ebj+2 & 55
end for
res = bo + ebo

Then we can obtain Theorem 1 as follow.

Theorem 1. Let p(x) = £ @l ()p(x) = Lo a;L77 (x), bo be the computed result by Clenshaw
algorithm in floating-point arithmetic, given e; = 7; + ; +B +& 4+ +6,+0.=0,...,n= 1 we can
get the error bound as
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n-1 ~ n
D, L) +by =D a, L (x). (12)
j=0 j=0

As we can see, in Theorem 1, the computed result b, is an exact value with perturbation 3" 1 .
Assuming c=3""¢ () and b,=3" aLi(), We obtain

=00 i j=07i i

A

b, +C=D,.
Therefore, we record the round-off error in each step of Clenshaw algorithm by EFTSs, and then
compute the perturbation to correct the numerical result b, . In fact, because c is also a Laguerre

series, we can apply Clenshaw algorithm again. We present compensated Clenshaw algorithm
( CompClenshaw) in Algorithm 6.

In order to analyze the error bound of the CompClenshaw algorithm, we show Lemma 1 as
follow.

Lemma 1. Let »(x) = X, a.L™ (x) be a Laguerre series of degree n, x is a floating-point number,

ba the numerical result of Clenshaw algorithm. Then

n

|Clenshaw(p, ) = P(X)I< 7, - |3, | 5 ( X)) (13)
j=0
Lemma 2. Suppose p(x) = X0 a;L"'(x) be a Laguerre series of degree n and x is a floating-
point number, we assume that ¢; = w;(IA;[|xl|bis |+ |B:|bs sl + [Ciq [IBi o] + i) \where @;: a real
numbers. Then

n-1 n
;‘71 L2 (1 x 1) < na, (1+ Ve(n_l,); la; | C( ). (14)

Based on Lemma 2, we can obtain Lemma 3 as follow.
Lemma 3. Suppose 4:'=AYxbiy+B by + Clibis g™ = AT xbi s + BV by + €l by |
si=a; +5; +& +n,+ 6+ {5 = lag| + 6| + &1+ il + 161+ I¢;] and 75 is the error of ThreeProd,

then we can obtain

| Zg W16 () J< 72 2, ] 0 x)), (15)

| jz:;ggf‘” L9 (x) [ uyz 2, | 19 x)), (16)
| Zs 9001 7351, 100 )

| z 17 1B 00 77 o D, ()

As analyzing in Lemma 3, we discover some perturbation do not influence the numerical result
in working precision. Such as (16),(18), the bound wen+1.¥a¥an—2 are 0(u*), so these errors do not
affect the precision. However, from (15),(17) we know that ¥an+1.¥an-1 are 0(u), so the coefficient
perturbations may influence the accuracy, we need to consider it in our error analysis.

Theorem 2. Let p(x) = X7-q a:L¥(x) be a Laguerre series of degree n.(n = 2) and x is a floating-

point number. Then the forward error bound of the CompClenshaw algorithm is
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| CompClenshaw(p, x) ~ p(x) I<u| p(X)|+27, - |a; | 5 (| ). (19)
j=0
Proof. From [9, 15], we show two inequations to get the error bound.
Suppose

S, =a;+p,+&+n,+0,+¢,,
then we have
Sj S(]-"'7/5)005] |+|,Bj |+|§j |+|77j |+|Hj |+|é/j )-
Considering that

n-1 n-1
1D s,L9(x)-@> 8 @ LW (x)]
j=0 =0
n-1 = ni =
< L2000 -DE L) [+]DE L) -@D 8 LY ()|
j=0 j=0 j=0 j=0
n-1 n-1
= Z'Sj _§j | L(ja)(l X|)+76n—72|§j | L(ja)(l X |)
j=0 j=0
n-1
S76n—22(|aj |+|,Bj |+|§j |+|77j |+|9j |+|§j |)L(ja)(|xl)
=0
< Zn:|a. | L9 x|) [By inequation (17)]
Ven—276n1 jlLj Yy IN€Q
j=0
< 762n—1z | q; | L(ja)(l X|)
j=0
and
SN S
3 g0 (-3 60 © L0 ()|
j=0 j=0
n-1 n-1 n-1 n-1
<DL () - D60 [+ 2600 (-2 6 @ LY (x)|
=0 =0 j=0 j=0
n-1 n-1
<219 =GV L (XD + Yenr 21§D TE (1 X1)
j=0 j=0
n-1 . . .
< Von2 2 APXD L [+ BPby, [+]CEAD;., D),

=0

combining with

| AEI)ijJrl | +| BJ(I)bj+1 | + | C(I) b'+2 IS U(1+ 7/1) | Aijj+1 | +| ijj+1 | + | Cj+lbj+2 |1

j+17j
we have
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n-1

n-1
| Zogﬁ')L‘,-“) (-0 6V L (x)]
j:

i=0

< Yen U(1+ 71)”(1+7e(n_1))z | a; | E(Ja)(l X|)
j=0

< 76n—27/6nz EN E(ja)(| X[)
i=0

< 762n—1z | q; | E(ja)(l X1).

j=0
Then we obtain the error bound
| CompClenshaw(p, x) - p(x) |=] (1+ £)(B, + £b,) — p(X) |
= (1+&)(p(x) — &b, +560)— p(x) | [By Theroem 3.1]

<u| p(x)|+(1+u)| &b, — b, |.
Next we consider that

~ n-1 n-1 n-1 n-1
| £y — &by |71 2, L7 () + 2 9P LPLYY () - @28, @ L () - @2 6 ® LY (x) |
j=0 j=0 j=0 j=0
n-1 n-1 S =i
42510 -0 8 0L [+] 2 gL () - @ gf @ L (¥)|
=0 =0 i=0 i

n-1 ~
< Zyén—lz | a; | L(ja) (I x1).
j=0
Finally, we obtain
| CompClenshaw(p, X) = p(x) [<u| p(x) [ +2(1+U)ye, 12, | L (I )

=0

<ul p(x)[+2r¢, > 1a; [ L ( x]).
=0

Combining  Definition 2 and Theorem 2, we present corollary 3.1 as follow. Given
p(x) = X% a;LT a Laguerre series of degree n with floating-point coefficients, and x is a floating-
point number. Then the error bound of CompClenshaw algorithm is

| CompClenshaw(p, X) — p(X) |
| p(¥)]

As the Corollary 3.1 show, the relative error bound produced by CompClenshaw algorithm is
7+, times the condition number of the polynomial and plus an unavoidable summand u . That is to
say, if cond(p,x)<0.57.2x0O(u), the computed result of CompClenshaw algorithm is accurate.
When cond(p, x) > 0.5y, xO(u), its accuracy will be the same as computed in original Clenshaw
algorithm with normal condition numbers.

<u+2yZcond(p,X). (20)

4. Experimental Results
4.1. Evaluation of the Polynomial in Laguerre basis
All our experiments are performed using IEEE-754 double precision. The polynomials in

Laguerre basis we consider are floating-point coefficients, and X is a floating point. We use the
Symbolic Toolbox in Matlab to obtain exact results for comparisons.
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In our experiment, we consider polynomial p(x)=(x—0.52)"(x—1)" , an ill-conditional
polynomial in neighborhood of its multiple roots 0.52 and 1. The Clenshaw and CompClenshaw
Algorithm are used to evaluate the Laguerre polynomial basis with parameter « =0 . For
perturbations of Laguerre polynomial, we need to convert the polynomial coefficients to Laguerre
basis [17]. We use a Convert algorithm [15] to obtain the coefficients of Laguerre polynomial.

Firstly, we check the polynomial with argument « =0 for 400 isometric points in [0.68,1.15],
[0.7485,0.7515],and [0.993,1.007]. We show the absolute error (13) and (19) in Figure 1. From
Figure 1, we detect that the CompClenshaw algorithm is more accurate than Clenshaw.

108 T 105 — T T 105 T g

10° 10

1051

1 1051

Absolute_error
-
(=]
(4]

10—10 -

10710 | 11070 1 WMW
10715 1
1018 I 1 1015 " I l “| |||I| 10720

0.5 1 0.519 0.52 0.521 0.995 1 1.005
X X X

Fig. 1. Absolute error of polynormial from p(z) = (z —0.75)"(z — 1)'° by the Convert
algorithm in Laguerre basis in neighborhood of its multiple roots.using (13) [upper
line], the (19) [downward line].

10°

1075

10710

Relative forward error

10718
-+ Clenshaw

-+ CompClenshaw
6) - -+ DDClenshaw
s | s 1
1010 1/uqg20 1030 112

‘06

Condition number

Fig. 2. Forward error of polynomial p(z) = (z — 0.52)7 (z — 1)'? evaluate by Clenshaw,
CompClenshaw and DDClenshaw algorithm.

As we known, the closer to the root, the larger the condition number [10]. We test 120 points of
polynomial p(x) = (x-0.52)" (x-1)° near the root x=0.52, ie. x=0.52-1.03"" where i=1:80 and
x=1-1.03"" where i=1:40 . We compare the forward relative error |p_(x)-p_ (x)[/p, (x) Of

Clenshaw, CompClenshaw and DDClenshaw algorithm in Figure 2, respectively. As we can see, in
Figure 2, the relative error of CompClenshaw and DDClenshaw algorithm are almost same.

Moreover, when condition number is less than working precision u(u=1.16x10"), the result of
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CompClenshaw is nearly equal to u. When condition number is larger than U, the forward error
increase linearly.

Meanwhile, we also consider the computational complexity of Clenshaw, CompClenshaw, and
DDClenshaw algorithms, based on the computation cost of TwoSum, TwoProd, and FastTwoSum.
The complexity of them is 7n-2flops,105n -9 flops,154n—44flops . SO we can observe that

CompClenshaw is as accurate as DDClenshaw in double precision, but it only needs about 68.18%
of flops.

5. Conclusion

This paper introduce a CompClenshaw algorithm to evaluate the Laguerre polynomial. The
Clenshaw algorithm is not accurate enough when the problem is ill-conditioned, particularly the
floating-point is near the multiple root of polynomial. The CompClenshaw algorithm can delay the
appearance of instability problems in standard precision and obtain a full precision result, which as
same as computed in double-double precision. Besides, the CompClenshaw algorithm is more
efficient to evaluate Laguerre polynomial.
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Appendix
Appendix A: The Extra Proof

Proof of Theorem 1. Inspired by [15], we set
S; =rj+aj+ﬂj+§j+77j+6?j+§j,

t = (A A, (B + B+ (G +CYIB, .o
Then
b, +e; = (b, +5;)+t,
= (AJ{h)x+ BJ{h))Bj+1 +C§26j+2 +a; +t (21)
:Aijj+1+ijj+l+Cj+1bj+2+ajx j:l’_._’n'
and b, +e, = —xb, +ab, +ab, +3,.
Thus
b, = > (a; —€)L{” (), (22)
j=0

with o, = B, =&, =n, =6, =¢, =0, then we can obtain the result.
Proof of Lemma 1. Based on equation (3), we obtain
b= A" ®x®b ®B" ®b, ®4"
= Axb, <5>+B, b <4>+a , <1>
b, , =[A", @ x®B" ®h, , &C" ®h ®a®, (23)

=A_xXb ,<6>+B b  <5>+C b <4>+a ,<1>

Using mathmematical induction, we can obtain b, as follow
~ n-1
b, =<10+6(n—-2) > (] [A)x"a, +---+a, <1>
o (24)
=<6n-2> ([ JA)X"a, +---+a, <1>.
j=0
Combing (24) the forward error is
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~ n-1
105 = PO =] G5 o (] [A )X 8+ + 808, |
j=0
n-1
<o | (LTAD X 2y |4+ 3 |
j=0

= 7/6n—zz | a; | E(ja) (I x1).
j=0

Proof of Lemma 2. According to (23), we have
by I< A+ 76)( Ay IEX by [+ By 1By [+1C [0y, [+ D).

Combining (26) with o; <, (A; | X[, [ +|B; lIb,, [+|C,, [Ib;., [+]a;]), we get
;S o, (1+76(n—j—1))2|ak | EE(Oi)j (I x1),
Py
then

n-1 - n-1 n - ~
D oL x) < 0, (1+ 750 y) XZ[Z |a, | L7 (1 X I)j L (1 x]).
j=0

=0 \ k=]
Then we can obtain

n-1 n n-1

-1 . .
Z(;Gj L(ja)(l x|) < @, (1+76(n—1))zz |3 | Lia) (Ix]) < Nw; 1+ 76(n—1)z | ; | L(ja)(l x[)).
=

j=0k=] j=0
Proof of Lemma 3. According to A" SUA™ ang A" = A<1> we obtain
95" [<u(@+7)( A I1XI1Dy; 1 +1 B 11y, [ +1Cyua 1y, D
Then combing Lemma 2

12 9PL2 () [< (n+ UL+ 7,0) Y 1, | L x])
j=0 j=0

<@N+1U(L+7600)D. 13 | E(ja) (Ix1)

i=0

n
< 76n+1z | a; | L(ja)(| X[).
=0

Similarly, we have

19§ [<u? @+ 7,)(| A 1l xIbyy+1 By Il xITby; [+1C Ly 1Dy, D)

j+l

Then
| Z;,gﬁ’") L (x) |< U%MZ; la, | C( x])
J: J:

Based on equation (4), we obtain
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|, < (u+14u%)(1+7,) | Axby, |
| B I<ulBMb,, I<u(l+7,)|B;b, |,
& l<ulCb,, [<u(+7)[Cpby, |

|7, Isuls; +t; [<u|Ajxb;,, <3>+Bb;,, <2>],

j+l

|0, [<u| Axb,,, <4>+Bb,, <3>+C,, b, , <2>,

joj+l

£, I<u| AXb,, <5>+Bb

i1 <4>+C, b, , <3>+a, <1>|,

Then
Sj < (5u+14u%) [1+ 74 [x(| Aix|| b
Let o, = (5u+14u”) |1+, |, from Lemma 2 we have

n-1

1> (ley [+1 By 1+ 1 & 1+ 1y 1+ 16, 1+1 & L ()|

=0

< (5+14unu(L+ 75,.) " ay I L2 x )
j=0

j+l+ | ijj+1 | + | Cj+1bj+2 | + | aj |)

<Vens 2 12, IC7(xD,  (n>1).
j=0
Similarly, combing with | 7, [< 7,7, | Ajfh)xﬁj+l < 7,761+ 7) | A XBj+1 |, we have

n-1 n
|Z|Tj I L(ja)(x) < n7276(1+71)(1+76(n—1))2|aj I L(ja)(| X])
=0

i=0
n

< 7676n—4z | q; I I:(ja) (I x]).

j=0

Appendix B: The double-double Algorithm [19]

Algorithm 7 Addition of double-double number and a double number
[rh,rlI]=add_dd_d(ah,al,b)

[th,tl] = TwoSum(ah,b)

tl = al &tl

[rh,rl] = FastTwoSum(th,tl)

Algorithm 8 Multiplication of a double-double number by a double number
[rh,rl]= prod_dd_d(ah,al,b)

[th,tI]=TwoProd (ah,b)

tl=al®bdtl

[rh,rl] = FastTwoSum(th,tl)

Algorithm 9 Multiplication of a double-double number by a double-double number
[rh,rl]= prod_dd_dd(ah,al,bh,bl)

[th,tl]=TwoProd (ah, bh)

tl = (ah ®bl) @ (al ® bh) Sl

[rh, rl] = FastTwoSum(th,tl)

206

(30)



Algorithm 10 Addition of a double-double number and a double-double number

[rh,rl]=add_dd_dd(ah,al,bh,bl)
[sh, sl] = TwoSum(ah, bh)
[th,tl] = TwoSum(al, bl)

sl = sl @th
th=sh®sl
sl =sl o (thosh)
tl=tl®sl

[rh,rl] = FastTwoSum(th,tl)
Algorithm 11 DDCleshaw algorithm of evaluating Laguerre series in double-double arthmetic
function res = DDClenshaw(p, X)

bn+2 = bn+l = 0

for j=n:-1:0

[rh1,rl1]= prod_dd_d(b{}), b, x)

[rh2,r12] = prod_dd_dd(rht, rl1, A", A))

J

[rh3,r13] = prod_dd_dd (b®,b®, B™ BO)

DD 0
[rh4,r14] = prod_dd_dd(b{",b{",,C",C)
[rh5,rl5] = add_dd_dd(rh2,rl2,rh3,rl3)
[rh6,rl16] = add_dd_dd(rh5,rl5,—rh4,—-rl4)

[b",b"]=add_dd_d(rh6,rl6,a;)

i
end for
res = [b{",b{"]
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